For a bipartite honeycomb lattice, we show that the Berry phase depends not only on the shape of the system but also on the hopping couplings. Using the entanglement entropy spectra obtained by diagonalizing the block Green's function matrices, the maximal entangled state with the eigenvalue λm = 1/2 of the reduced density matrix is shown to have one-to-one correspondence to the zero energy states of the lattice with open boundaries, which depends on the Berry phase. For the systems with finite bearded edges along x-direction we find critical hopping couplings: the maximal entangled states (zero-energy states) appear pair by pair if one increases the hopping coupling h over the critical couplings hcs. Experimental studies on graphene[1] and cold atoms [2] have inspired new interests in quantum properties of electrons and atoms on the honeycomb lattice. Due to its peculiar energy dispersion, which contains two Dirac points as Fermi surfaces, the honeycomb lattice offers particular physical phenomena which can not be observed on the square lattice. In particular the edge states with zero energy may appear when special boundaries are present. The existence of the edges state relies on the shape of boundaries, that is, for zigzag and bearded edges there exist zero-energy edge states, on the contrary the armchair edges offer no zero-energy edge modes according to their Berry phase of the occupied band [3] . Therefore the topological structure of the system strongly influences the existence of zero-energy edge modes.
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On the other hand, recent development on quantum information applied in condensed matter theory provides a new tool to investigate quantum phenomena [4] . Especially the entanglement entropy: S A = − Tr ρ A log 2 ρ A , where ρ A = Tr B |Ψ AB Ψ AB |, has been widely used to measure the bipartite entanglement for a given pure state (ground state) |Ψ AB of a bipartite AB consisting of system A and environment B. In the last several years this quantity has been successfully used to interpret the nature of the quantum criticality [5] due to the fact that the entanglement entropy diverges at the quantum critical points of the second order phase transition. The scaling law of the entanglement entropy even provides a rule to tell different quantum phases [6] . Furthermore, the entanglement entropy spectrum for free fermions, defined as the set of λ m , where
be used as a tool to investigate physical properties such as disorder lines [7] , Berry phase [8] and zero-energy edge states [8] . While the entanglement entropy S A ≡ m S m where (A br -green rectangle) two bearded edges, (Azz-red rectangle) two zigzag edges, (Aar-blue rectangle) two armchair edges. The hopping constant along xdirection is h, along y-direction 2. On the right hand side the transformation from a honeycomb lattice to a brick-type lattice is shown.
contains more global information about the system, the entanglement entropy spectra offer a new method to observe the microscopic quantum phenomena. In this Letter we explore the bipartite entanglement entropy spectra of a tight-binding honeycomb lattice for different shapes of the system A, as shown in Fig. 1 . We show that not only the shape of the edges but also the hopping coupling h along the x-direction influences the Berry phase χ, which value decides if the system has maximal entangled states with λ m = 1/2 or not [8] . In the previous literature, only the edges with infinite size have been studied [3] , while in this Letter we analytically and numerically study the edges with finite sizes. For bearded edges, the maximal entagled states appear two-by-two only if the hopping coupling h passes by critical hopping couplings h c s. These results are verified numerically using the entanglement entropy spectra by diagonalizing the block Green's function matrix.
We consider a honeycomb lattice with anisotropic hopping constants as shown in Fig. 1 . The hopping coupling along the y direction is defined as 2 of magnitude, while the other two couplings are replaced with a general value h. Without changing the lattice topology, a honeycomb lattice can be transformed into a brick-type lattice [9] , therefore the Hamiltonian can be rewritten as
(2) The dispersion relation for such Hamiltonian is:
For 0 < h < 1, the system is gapped, while for h > 1 we find two Dirac Fermi points located at (k x , k y ) = (± cos −1 (−1/h), 0). For h = 1, the two Dirac zero-energy modes merge into a confluent point (k x , k y ) = (π, 0). The zero-energy edge states for bearded edges appear only if the bulk has two Dirac points. The reason is described as follows.
The edges on the honeycomb lattice can be produced by imposing different open boundaries: bearded, zigzag or armchair edges. To further see the influence of the boundaries, the sub-lattices γ and δ can be first labeled as • and • in Fig. 1 . Defining a pair of annihilation operators c T x = (c γ , c δ ) x and Fourier transforming the Hamiltonian (2), we can rewrite the Hamiltonian (2) in the momentum space as
where σ = (σ x , σ y , σ z ) as Pauli matrices and
. If we consider systems without onsite potentials, one can always rotate R(k) to lie on a twodimensional plane by applying a global SO(3) unitary transformation, thus one can define R(k) ≡ (R x , R y ). In this parametrization, the energy ε(k) = ±|R|. The form of R(k) is given by the choice of the unit cell in Fourier transformation along the edges [3] . (a) For a bearded edge along
The choice of the unit cell in Fourier transformation is not unique, however, different choices lead to the same topology for the edge states [10] . By fixing a wave factor parallel to the edges and investigating the loop of R as a parameter of the perpendicular wave vector changing from −π to π, the topology of the system can be obtained. In case that the loop ℓ of R contains the origin O in the R space, the Berry phase (or Zak's phase) χ, defined as a line integral of the curvature of the filled band, is π. In this case, due to the fact that one can continuously deform ℓ into a unit circle without crossing the origin, the topological argument ensures us that the original Hamiltonian corresponding to ℓ contains at least one zero-energy edge state [3] . Therefore for (a) bearded edges along x-direction, where k x is fixed and k y serves as parameter of the loops, there exists a zero energy state only if −2 cos
). Similar situation happens for (b) zig-zag edges. The zero-energy edges states appear under the condition that
On the other hand, for (c) armchair edges, no zero-energy states exist due to the fact that no loops will encircle O with fixed k y by changing k x . Therefore for the zigzag and bearded edges the hoping coupling h changes the range of k x where the Berry phase χ = π.
The consideration for entanglement entropy is somehow different: we no longer cut the system with an open boundary, but partition that into two parts: system A and environment B. By using von Neumann entropy S A , one can figure out how the system A entangles with the environment B. However, there exists a one-to-one correspondence between the zero-energy state for the Hamiltonian with edges and the maximal entangled state for the bipartite system. The reason is as follows. Consider the whole bipartite AB consisting of N sites (or modes), with n sites of system A and notice that in our calculation only thermodynamic limit (N → ∞) will be taken. The reduced density matrix ρ A = Tr B ρ 0 where ρ 0 ≡ |Ψ AB Ψ AB | can be obtained by determining the matrix elements of the full density matrix with respect to coherent states and integrating out the variables of the environment B [7] and can be related to the eigenvalues λ m of the block Green's function matrix [11] G γδ (r i − r j ) = Tr ρc (ri,γ) c † (rj ,δ) , where (r i , γ) and (r j , δ) belong to system A. The entanglement en- 
We regard G γδ (r i − r j ) as an effective Hamiltonian for obtaining the entanglement entropy. In the case of taking the whole infinite plane with periodic boundary, i.e. no sites in the environment B, the G Hamiltonian has the same set of eigenfunctions as the original Hamiltonian, however, the eigenvalues are either 1 or 0, which means S = 0, the system is not entangled at all. On the other hand, while B is not empty, the nontrivial boundary states appear, which eigenvalues are not 1 or 0. This boundary states, which eigenvalues 0 < λ m < 1, cause the nonzero entanglement entropy, therefore we can say that those are the most important states for calculating the entanglement. Comparing the Hamiltonian (3) with G γδ (k) (4), they almost take the same form except a constant and a positive normalization factor R, therefore we can conclude that they should share the same topology, that is, if R encloses origin in the parameter space which causes Berry phase equal to π, the zero-energy state appears for the Hamiltonian (3), while for the block Green's function matrix we obtain one special eigenvalue λ m = 1/2 [8] . They also share the same eigenfunctions with different eigenvalues. We call the state with λ m = 1/2 a maximal entangled state due to the fact that the resulting S m = 1. According to the discussion above, only the reduced density matrix of the system A with bearded and zigzag edges has maximal entangled eigenstates, while for the armchair edges there exist no maximal entangled states.
In order to investigate this effect we numerically diagonalize the block Green's function matrix G γδ (r i − r j ) for the system A with finite size, as shown in Fig. 1 , which L x and L y are defined as follows. Transforming the honeycomb lattice into the brick-type lattice and projecting the system sites into x and y direction, L x (L y ) is defined as the total number of the projected sites along the x(y) direction. The real noninteracting edge state only appears in the thermodynamic limit, i.e. L x ≫ L y or vice versa. For example the partition of system A br and A zz in Fig. 1 have either two bearded (A br ) or zigzag edges (A zz ). On the other hand there exist two armchair edges for the system A ar . Here we only consider the edges far apart from each other so that the two edges do not interact with each other (independent edges). Therefore we expect that for the partitions A br or A zz there exist maximal entangled states (λ m = 1/2), while for A ar the maximal entangled states do not appear. (Due to the fact that bearded and zigzag edges have the same properties, we will only calculate the entanglement spectra for the bearded edges in the following.) The upper panels of Fig. 2 shows the entanglement spectra λ m of a system size: (a) L x = 3, L y = 200 (A br -type) and (b) L x = 201, L y = 4 (A ar -type) for a graphene (h = 2). For the system with two independent bearded edges, we obtain two maximal entangled states with λ m = 1/2 (see the inset), while there are no maximal entangles states for the system L x ≫ L y (on the right hand side of Fig. 1 ) due to the fact that A ar -type system has two independent armchair edges. Fig. 2 (c) shows the spectra for L x = 11, L y = 200 and h = 2. From the inset we observe 6 eigenvalues close to 1/2. In Fig. 2(d) the system size is the same as (c) but the hopping coupling h = 4. We obtain 10 maximal entangled states (Due to finitesize effect, two eigenvalues of the states are not precise 1/2, however we still count them as maximal entangled states). The number of maximal entangled states not only depend on the shape of the system but also on the hopping coupling h. We will discuss that as follows.
For general h, the wave function of the maximal entangled state is the same as the zero-energy mode. The zero-energy wavefunction is obtained by the tight-binding Schrödinger equation (SE) − j t j ψ j = Eψ i = 0, where j are neighbor sites of i, t j = h for the vertical hopping couplings and t j = 2 for the longitudinal hopping constants in the brick-type representation. Fig. 3 (a) shows the structure of the system with L y ≫ L x = 3. To obey SE, a solution with all values of the wavefunction for • sites in Fig. 3 equal to zero is expected. For each partition symmetric and antisymmetric wavefunctions with respect to the middle line of the system in the x direction can be separated to two different groups. For symmetric solutions, we set that
. Therefore there only exist maximal entangled states (zero-energy states) if 2/h 2 < 1, otherwise the wavefunction will explode with the increasing L y . We obtain a critical h c = √ 2: the maximal entangled states appear only if h ≤ h c . On the other hand Another example we study here is L x = 11, as shown in Fig. 3 (b) . For the symmetric wavefunctions, we can first set the values [
Due to the fact that the structure of the layer C i is the same as A i , the values of the wavefunction can be set as [
To obtain the critical couplings h c s we have to know all these values α i , β i and x by using SE in different • sites. The SE for the site between A 1 and B 1 gives β 1 = −2/h. The site among A 2 , B 1 and B 2 leads to the equation β 2 = 2(1 − α 1 )/h. In the same manner we obtain β 3 = 2(α 2 − α 1 − 1)/h. Using these relations and the SE for the • site between B 2 and C 2 , the first value for x is found:
. From this relation the critical coupling is obtained by setting x = 1, i.e. h c = 2/ √ 1 + α 1 . h c is therefore obtained if α 1 is known. On the other hand, different relations for x can be obtained by subsequently calculating the SE for the • sites among B i and
2 ). These three x should be identical, we first obtain α 2 = α The antisymmetric eigenfunctions can be also found in a similar way. We can first assume that [
. From the layer between A i and B i one obtains β 1 = −2/h and β 2 = 2(1 − α 2 )/h. The SE for the site among A 3 , B 2 and B 3 gives the relation as α 2 = (α 1 − 1). Two relations for x can be obtained by solving the SE for the sites between B i and C i :
. Using these relations we finally obtain α 1 = 0, 2 and h c = 2 √ 3/3 and 2. Fig. 4 shows the some eigenvalues λ m nearest 0.5 of the system L x = 11 and L y = 200 with bearded edges along x-direction as a function of h by diagonalizing the block Green's function matrix. The lower inset shows that the system has 5 different h c s and they coincide with the analytical values we discussed above.
The upper inset in Fig. 4 shows the analytical values of h c s with varied L x . Firstly, for a fix h, the eigenvalues increase as a function of L x . In the case of L x → ∞, those eigenvalues form a continuum, i.e. form a flat band of zero surface states, as shown in [9] for graphenes (h = 2). The number of eigenvalues can be approximated as N ≈ 2/πL x cos −1 (1/h) for large L x . This accounts for the increasing number of the eigenvalues as h increases.
Secondly we found that there are some repeated h c s with growing L x . For example: for L x = 3, 7, 11, the system has the same h c = √ 2. The reason is that one can build either a symmetric or antisymmetric wavefunction for L x = 7 and 11 using a fundamental block L x = 3 similar to the toy Lego : a positive and a negative block of L x = 3 can build a system with L x = 7; a sandwichlike system with two L x = 3 positive blocks on both sides and a negative block in the middle has exact the size L x = 11. Similarly, for L x = 5 and L x = 11 there exists the same h c = 2. It is clear that a positive and a negative block with L x = 5 can build a system with L x = 11.
An interesting question arises: if considering a system with onsite potentials, i.e.
if putting R = (R x , R y , R z ), R z = ∆, do the edges states still robustly exist? By adding the onsite potentials, the chiral symmetry is destroyed, there exist no maximal entangled states. The blue lines and dots of the inset in Fig.2 shows the small deviation of λ = 1/2 by putting ∆ = 0.01. However, due to the fact that the deviation is small, we can conclude that the states with eigenvalues closed to 1/2 are still edge states. That means, the edge states robustly exist even with broken chiral symmetry.
In the summary, we have used the entanglement spectra to study the edge states of a honeycomb lattice. The dependence between the Berry phase and hopping couplings has been found. The one-to-one correspondence between the maximal entangled state for a bipartite system and the zero energy state has been proved numerically by diagonalizing the block Green's function matrix. We found there exist critical coupling couplings h c s for the system with finite edges: the maximal entangled states pair-by-pair increases every time when the h jumps over h c s.
